We show that the introduction of a constant tariff or subsidy levied on foreign energy can lead to a rich set of endogenous fluctuations around the unique steady state, including stable 2-, 4-, 8-, and 15-cycles, quasiperiodic orbits, and chaos. This is demonstrated in a standard neoclassical growth model with social increasing returns to scale. Numerical exercises could be viewed from a methodological perspective as illustrating that capital income taxes and tariffs are equivalent in generating endogenous fluctuations because Guo and Lansing [Guo, J.T. and K.J. Lansing (2002) Fiscal policy, increasing returns and endogenous fluctuations. Macroeconomic Dynamics 6, show that a constant capital tax or subsidy has the same effect on the model dynamics in a one-sector closed economy.
INTRODUCTION
The literature on trade taxes suggests that energy taxes (or tariffs) have a high efficiency cost when government needs to raise revenue by using tax instruments. 1 Dynamic stochastic general equilibrium (DSGE) models with energy in production have been used widely to analyze representative agent problems [Rotemberg and Woodford (1994) ; de Miguel and Manzano (2006) ]. However, most of these papers are concerned with local steady-state analyses and determinacy cases. Nevertheless, tariffs on intermediate goods (say, imported energy), which act like a tax on the returns to factors of production, may generate indeterminacy in a way similar to factor income taxes.
(2002), we use the version of the ACW model with social increasing returns to scale due to the presence of productive externalities. 
subject to
where δ ∈ (0, 1) is the capital depreciation rate, β ∈ (0, 1) is the discount factor, γ ≥ 0 is the inverse of the intertemporal elasticity of substitution in labor supply, r t is the rental rate of capital, w t is the real wage, and T t is the lump-sum (tariff revenue) transfer/tax to the agent, i.e., T t can be negative. The household receives income by supplying capital and labor services to firms and views r t , w t , and T t as being exogenously given. In equilibrium, the first order optimality conditions are given by
plus a transversality condition. Equation (3) requires that the household's marginal rate of substitution between consumption and leisure be equal. Equation (4) is the consumption Euler equation. The production technology is given by
where a k + a n + a o = 1, o t is the imported energy, and z t is a measure of production externalities and is defined as a function of average aggregate output, which individual firms take as given:
Assuming that firms are price takers in the factor markets and the international energy price (p o ) is exogenous to the economy, profit maximization by each firm leads to the following first-order conditions:
w t = a n y t n t ,
where τ t denotes the tariff rate levied on the imported energy. Without government spending, the government transfers the tariff revenue to the households, which means that
y t holds in each period.
3 By combining equations (2), (7), (8), and (9) and the government budget constraint, we obtain the aggregate resource constraint (2008), we can substitute out z t and the optimal demand for o t in the production function to obtain the reduced-form production function in equilibrium:
where
] αo 1−αo acts as the technology coefficient in a neoclassical growth model, which is inversely related to the energy price and the tariff rate. In the reduced-form production function, the effective returns to scale are measured by
. Provided that η > 0, the social technology exhibits increasing returns to scale (α k + α n + α o > 1). 
DYNAMICS WITH CONSTANT TARIFF/SUBSIDY RATES
We first consider the benchmark tariff policy that is an alternative to the optimal fiscal policy and closes the gap between the social and private marginal products of the imported energy. Proof. The social marginal products from equations (5) and (6) The benchmark policy involves constant subsidy rates that are governed only by the externality parameter η. A similar result is also obtained in Guo and Lansing (2002) . In the following numerical exercise, we assume that the tariff rate is constant, which implies that the government revenue is endogenous. Following the existing real business cycle (RBC) literature, we use the structural parameters for a quarterly model, as in ACW (2005, 2007, 2008) , Hansen (1985) , and Guo and Lansing (2002) . Table 1 summarizes the baseline parameter values.
The baseline parameter values are commonly used in real business cycle models except the externality parameter η. 6 The degree of returns to scale in the model is 1+η. Given our baseline parameter values, it requires returns to scale to be at least 1.198 to exhibit local indeterminacy. We set η = 0.203 for our quantitative exercise, which implies returns to scale of around 1.203 (the laissez-faire economy is locally indeterminate) and the benchmark fiscal policy parameter τ b = −0.16874. In the appendix, we show that the equilibrium conditions in our model can be described by the following log-linear system:
where k and c are steady-state values of capital and consumption and J denotes a 2 × 2 Jacobian matrix of partial derivatives evaluated at the steady state. The two eigenvalues of J determine the stability of the log-linear system. The oil price p o and the labor disutility parameter B do not appear in J and thus do not affect the model's local stability properties. We observe that the tariff rate not only affects the trade-off between consumption and leisure at a given date [see equation (3)] but also affects the trade-off between consumption goods at different dates [see equation (4)]. And the intertemporal trade-off is crucial for generating multiple equilibria in this open economy because agents' expectations of future returns must be self-fulfilling. Table 2 summarizes the model's local stability properties as we vary the tariff rate over the whole real line. 
We observe in Table 2 that local indeterminacy occurs only for tariff rates in the range −0.5114 < τ < 0.2633. When τ > 0.2633, the model exhibits a locally unique equilibrium. However, within a small open neighborhood of τ flip = 0.2633 (in our case τ flip + ε), the steady state goes from being a sink to being a saddle surrounded by an attracting period-2 cycle as τ increases. In the following global analysis, we show that the flip bifurcation point is supercritical using numerical simulations, which means that local determinacy can coexist with global indeterminacy when τ > 0.2633.
Another interesting finding is that the dynamic system undergoes a Hopf bifurcation as τ is decreased past the value τ Hopf = −0.5114. We can also use numerical simulations to establish that the Hopf bifurcation is supercritical. In the supercritical Hopf bifurcation, an attracting closed orbit emerges on the side of τ Hopf where the steady state is unstable (in our case a source), that is, in the small neighborhood to the left of τ Hopf . To simulate the global dynamics, we describe the model's perfect foresight dynamics as follows (see the appendix): (13) Following Guo and Lansing (2002) , we iterate the above map for a range of values of τ . We disturb the steady state by an arbitrary amount and set our initial values (k 0 , c 0 ), and then we solve equation (13) for k 1 . Substituting the value of k 1 into equation (12) yields a nonlinear equation that can be used to solve c 1 . We can repeat the procedure to compute (k 2 , c 2 ) and so on. long-run behavior of the model by plotting the last 250 points of a simulation comprising a specified number (5,250) of iterations. Figures 2 and 3 show that the Hopf bifurcation is supercritical because the invariant closed orbit is attracting. As τ = τ Hopf − 2.1e − 4, rational expectations equilibrium paths eventually converge to the invariant closed orbit for arbitrary starting points either inside or outside the circle. Figure 4 shows that the invariant closed orbit starts to break up into a regular 15-cycle when the tariff rate is decreased to some point in the left-hand side of τ Hopf . In the small neighborhood of the flip bifurcation point, the model exhibits stable 2-, 4-, and 8-cycles for tariff rates in the range of τ flip < τ < 0.39780. Figure 5 depicts these three kinds of cycles and their corresponding time-series simulated data. When we increase the tariff rate to τ = 0.39775, a type of chaotic From these figures, we observe that changes in τ affect the amplitude of these cycles or oscillations. In what follows, we interpret the occurrence of endogenous fluctuations by explaining why stable cycles can emerge due to the presence of increasing returns and distortionary tariffs. In the high-subsidy region, the supercritical Hopf bifurcation can be viewed as a stylized business cycle and characterized by intermittent spikes in hours worked and output. This reflects a "bunching effect" in production and/or consumption when agents' optimal decisions internalize the increasing returns.
7 To make this point clear, let us consider an increase in the capital stock at the equilibrium. The impact of this is to lead to a decrease in consumption today, and the capital stock tends to fall back to its former level. At the same time, the initial increase in the capital stock leads to an increase in output and/or consumption in the next period (because the capital stock in the next period increases). In order to make Euler equation (4) hold, the capital stock should be reduced. That is because the marginal product of capital is decreasing in the capital stock (k t+1 ) and c t+1 /c t increases. The latter effect reinforces the decrease of the capital stock. Depending on the strength of these effects, the capital stock may overshoot its long-run equilibrium level. When the capital stock keeps decreasing beyond its equilibrium level, the effects on the other variable are reversed. That is, consumption falls. Considering the effect of the capital stock on the investment, the fall of the capital stock will be reversed. This process describes possibly convergent or divergent oscillations around the unique steady state. And oscillations that change stability from being a sink to being a source as the tariff rate changes can be stable, forming closed orbits [thanks to Benhabib and Miyao (1981, p. 591) ]. In the high-tariff region, the stable 2n-cycle can emerge as the substitution effect generated by expected movements in the after-tariff interest rate exceeds the corresponding income effect by an amount that is sufficient to induce deterministic cycles in our dynamic model [see Euler equation (4)].
8
Similar to Guo and Lansing (2002) , we describe some policy mechanisms that are used to eliminate sunspot fluctuations near the steady state. For example, explicit adjustment costs for capital investment can be used to select a locally unique equilibrium. We can consider an economy in which the household budget constraint is described by the following new equation:
the adjustment cost parameter ψ can be used as the bifurcation parameter. Given other parameter values in our baseline model, the dynamical system undergoes a supercritical flip bifurcation as ψ is increased past the value 0.1781. This implies that global indeterminacy coexists with local determinacy after the steady state changes stability at the flip bifurcation point. The equilibrium selection mechanisms designed using the log-linear approximation method are unsuccessful when we observe the true nonlinear dynamics.
CONCLUSION
In this paper, we use the ACW model with (exogenous) tariff rates to show that capital income taxes and tariffs are equivalent in generating global indeterminacy. Global analysis reveals that a rich set of endogenous fluctuations including bifurcations and/or chaos can arise in this model. Our results indicate that caution should be exercised when linearized versions of this class of RBC models are used because global indeterminacy may coexist with local determinacy in some region of the parameter space.
NOTES
1. See, for example, Bizer and Stuart (1987) , Rotemberg and Woodford (1994) , and de Miguel and Manzano (2006) .
2. ACW (2007 ACW ( , 2008 introduced capacity utilization rate into the RBC model, as in Wen (1998) , in order to reduce the magnitude of increasing returns required for indeterminacy. In this paper, to remain comparable with Guo and Lansing's analysis, we do not take into account this factor, which makes the model exhibit local indeterminacy only for quite large externalities. We claim that adding capacity utilization will not qualitatively change the main result of this paper. However, it will reduce the required externalities to an empirically reasonable range, and the model predictions could be compared with real data when we calibrate this model.
3. Negative tariff rates represent energy subsidies, and a negative value of T t represents a lump-sum tax received from the government.
4. We consider only the case α k < 1, which says that the externality is not strong enough to generate sustained endogenous growth.
5. Because our exercise is a numerical exercise, we simply set the implied fraction of time spent on working to be 0.3, which was used in Guo and Lansing (2002) . We claim that our results will be robust for reasonable parameter selection. Usually, people work 8 hours per day.
6. Our results are robust to the parameter p o . In our numerical case, we set p o to be 0.1. 7. We should mention that in a subcritical Hopf bifurcation, a repelling orbit emerges in the small neighborhood to the right of τ Hopf . The repelling orbit associated with an attractive steady state resembles the "corridor of stability" concept, as noted by Leijonhufvud (1973) and Benhabib and Miyao (1981) .
8. In a subcritical flip bifurcation, a repelling two-period cycle emerges in the small neighborhood to the left of τ flip .
